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This document outlines the theoretical result from the paper “Disentangling
Representations in RNNs through Multi-task Learning” by Pantelis Vafidis,
Aman Bhargava, Antonio Rangel (coming soon to a preprint server near

you!)
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Figure 1: Theoretical framework for optimal multi-task classification. The
agent estimates the ground truth decision output y(x*) from noisy obser-
vations X(t), with latent state Z(t) encoding an optimal estimate of the
de-noised environment state x*.

Consider an intelligent agent making decisions in some environment. The
agent receives noisy observations (X(t)) conditioned on the “ground truth”
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environment state x* (e.g., X(t) ~ f(x*+nN(0,1)) where f is some injective
observation map and 7 is the noise level). We consider optimal decision mak-
ing agents that estimate the ground truth decision output y(x*) € {0, 1}"east
from noisy observations X(t)). Let Z(t) represent the latent state of the agent
at time t during sequential processing of observations X(¢). We show that
the agent must represent an optimal estimate of the de-noised envi-
ronment state coordinate x* in its latent Z(¢) if the agent optimally
estimates decision output y(x*) from noisy observations. I thought
this was rather surprising, as it generalizes to to any optimal estimator. We
this result in the case of linear decision boundaries in the multi-classification
objective y(x*). We conclude with a discussion of the implications for non-
linear decision boundaries via the introduction of non-linear observation maps
f and prove a corollary for agents observing the world through injective (e.g.,
potentially non-linear and high-dimensional) observation maps f.

1 General, Non-Linear Problem Statement

Noisy Multi-Classifier: Formalize the “environment state” as X ~
P(X) with sample space X and a corresponding ground truth decision set

P(Yj|X) for i € [N] (e.g., multi-classification on the environment state).
Denote the i.i.d. noise process X; ~ P(X;|X) from which observations X;
are sampled. We consider optimal estimators of the ground truth readout Y’
given noisy measurements X denoted P(Y|Xy,..., X7).

agent

X ek, {Xt}te[T {Y}ze[N]

(1)
{Yz‘}ie[N]

Geometry: Let X reside in a metric space X'. Let each Y; be defined in
terms of a binary discriminator ¢; : X — {0,1}. Let the equivalence classes
of X under each discriminator ¢; be connected (i.e., {x|¢;(z) = 1,2 € X'} is
connected for each ¢;).

Linearity: = We will begin by presenting a proof on the case where the
decision boundaries are linear. Note that this may be readily generalized



to non-linear decision boundaries by considering the linear approximation of
the decision boundaries in the vicinity of the true environment state, or by
inserting an injective non-linear map from some abstract coordinate space
X* to observation space X.
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Figure 2: Multitasking RNN learns abstract representations. Data
generating process. The task is to simultaneously report whether the true
joint evidence (x1,z5) (yellow dot) lies above (+1) or below (—1) a number
of classification lines (here 6).

We seek to understand the properties of optimal multi-classifiers in the
paradigm illustrated in Figure [3| where an estimate of classification certainty
is made. We denote the set of classification estimates as Y, a vector of
Bernoulli random variables. We prove that any optimal multi-task clas-
sifier with i.i.d. noisy inputs X(1),...,X(¢) implicitly estimates the
ground truth coordinate x* in its latent state Z(t).

x* = {X(t)} = Z(t) = Y(t) (2)

Specifically, we prove that Z(t) represents the optimal estimate of x* given
the noisy measurements as long as the classification boundary normal vec-
tors span the input space. For random decision boundaries in D-dimensional
input space, we would expect D classification boundaries to satisfy this con-
dition.

This result holds for any system that performs optimal multi-task classifi-
cation with a latent variable separating the inputs from the outputs (e.g.,
RNNs, Bayesian filters, etc.), regardless of the internal dynamics of
the latent state.
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Trilateration Theorem for Linear Decision
Boundaries

Presented in Appendiz B of “Disentangling Representations in RNNs through
Multi-task Learning”

Notation: lower case variables denote scalars (e.g., x), upper case vari-
ables denote random variables (e.g., X ), and boldfaced variables denote vec-
tor quantities (e.g., x,X ). We denote the D x D identity matriz as 1.

Variable Glossary:

x* € R” : Ground truth (un-noised) input variable.
X(t) ~ x* + 0N (0,1;) are i.i.d. noisy measurements of x*, where

— o is the amount of equivariant Gaussian noise, and

— t is the discrete time index within a trial.
Niqsr is the number of classification tasks,

{(ci, b;)}Mask are the classification boundary normal vectors and offsets
respectively, with ¢; € RP and b; € R. We assume each ||¢;|| = 1.

(C,b) are a matrix and vector representing each of the Ny, classifi-
cation tasks where C € RV*P

y(x*) € {—1,+1}Neesk : Ground truth classification outputs, where
each ground truth classification y;(x*) is given by

+1 if CZTX > bz
yi(x) = { (3)

—1 otherwise

Z(t) : Latent variable of a multi-task classification model, conditional
on X(1),...,X(%).



e Y(t) € [0,1]Nst - Output vector of the multi-task classification model
at time ¢, where each fﬁ(t) is a Bernoulli random variable parameter
representing the conditional probability Pr{y;(x*) = +1} given the
noisy observations (via latent variable Z(t) — see graphical model in
Equation .

o X(t) = N(u(t),%(t)) : Optimal estimate of x* given measurements
X(1),...,X(t), derived in Lemma [1]

Problem Statement:  We consider optimal estimators of y(x*) in the
multi-classification paradigm in Equation [, shown graphically in Figure [3]

x* = {X(1),....X(t)} = Z(t) = Y (t) (4)
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Figure 3: Data generating process. The task is to simultaneously report
whether the true joint evidence x* = [z, x5]" (yellow dot) lies above (+1)
or below (—1) a number of classification lines (here 6).

Contribution: ~ We derive optimal classification estimates Y (£) in Lemma .
We show that the mean p of X(t) — the optimal estimator of x* — can be
reconstructed from Y (¢) in Theorem . Finally, we show via the data process-
ing inequality that latent variable Z(t) must contain all information about u
for any system that produces optimal Y(t)

2.1 Single Decision Boundary

First, we will derive Y (¢) for a single decision boundary with parameters

A

(c,b). We focus on P(Y (t)|X(1),...,X(t)), reintroducing the latent variable
Z(t) later on.



Since y(x*) is a deterministic function of non-random variable x*, we will
derive the probability distribution over P(x*|X(1),...,X(t)) — denoted X(t)
— to determine Y = y(X(t)) .

Lemma 1. Assuming no prior on xX*, the conditional probability distribution
X (t) ~ P(x*|X(1),...,X(t)) is given by

X(t) = N(u(t), X(1)) ()
where pu(t) = mean(X(1),...,X(t)) and X(t) = t1o*1,.

Proof. Since X(1),...,X(t) arei.i.d. from a Gaussian distribution with mean
x* and identity covariance, the sample mean is known to be distributed
normally centered at the ground truth x*. We apply the known standard
deviation of the underlying distribution (identity covariance scaled by o) to
arrive at 3(t) = t710?I; as the variance on the sample mean (derived from
the central limit theorem). O

A

We can use estimator X(¢) to construct Y (¢) by expanding Y () = y(X(t))
via Equation [3

In essence, we are interested in the amount of the probability density of X
that lies on each side of the decision boundary. Deriving this probability
is simplified by the fact that X is isotropic — i.e., it inherits the spherical
covariance of the underlying data generation process (Lemma [2)).

Lemma 2. X(t) = N (u(t), 2(t)) with isotropic covariance N(t) = t~'o%ly
and mean p(t) € RP. The probability density of X(t) on the positive side of
the decision boundary {x : c'x > b} can be expressed as

Y(t) £ Pr{c'x* > b} = ®(k\/t/0) (6)

where ® is the CDF of the normal distribution and k = ¢ u(t) — b is the
signed projection distance between the decision boundary and the mean wu(t)

of X(t).

Proof. Since the X(t) is isotropic, the variance on every axis is equal and
independent. We may rotate our coordinate system such that the projection

!'Note that the intermediate computation of X(t) does not imply that a system must
compute this value to predict Y, as the full computation of X(t) may not be necessary to
determine Y (¢).



line between the plane and the mean of X(t) aligns with an axis we denote
as “axis 0”. The rest of the axes must be orthogonal to the plane. Since
each component of an isotropic Gaussian is independent, the marginal distri-
bution of X(t) on axis 0 is a univariate Gaussian with variance ¢~'¢® mean
at distance k from the boundary. Equation [6] applies the normal distribu-
tion CDF & to determine the probability mass on the positive side of the

boundary. n

Observe that ?(t) in Equation @ monotonically scales with the signed
distance k between the hyperplane and p(t) (CDFs are monotonic).

Lemma 3. Knowledge of time t and optimal classification estimate }A/(t) 18

sufficient to determine the projection distance k between pu(t) = mean(X(1),. ..

and the decision boundary (c,b).

Proof. Recall Equation [6] from Lemma [2, We may solve for projection dis-
tance k separating the decision boundary and the mean p(t) of observations
X(1),...,X(t) as

o
Vit
Since ® is the CDF of the normal distribution, and the normal distribution
is not zero except at +o00, the inverse ®~! is well-defined. O

k=—0"'(Y(t)) (7)

2.2 Trilateration via Multiple Decision Boundaries

To recap Section : We derived an optimal estimator of x* (denoted
X(t)) based on noisy i.i.d. measurements X(1),...,X(t) ~ N(x*,0%1,) in
Lemma . In Lemma [2| we derived the equation for Bernoulli variable Y'(¢)
to estimate a single classification output y(x*) based on the same noisy mea-
surements via X (¢). Finally, we showed in Lemma [3[ that the uncertainty in
}A/(t) and the time ¢ is sufficient to determine the projection distance between

the decision boundary and p(t) = mean(X(1),...,X(¢)) via Equation

Let Y (t) denote the vector of classification estimates Y (¢) from Equation .
We now have the tools to prove our final result via trilateration. Much like
distance information from cell towers can be used to trilaterated?] one’s posi-
tion, we will leverage Lemma [3| and use distances from decision boundaries
{(ci,b5) Yic[n,,.,] to constrain the positions.

2Trilateration differs from triangulation, and it is more frequently used in practice.
Triangulation is when one has angle information w.r.t. the cell towers. Usually, this is
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Theorem 1 (Trilateration Theorem). If C is full-rank, then Y(t), t, b,
and C are sufficient to reconstruct the exact value of u(t), the mean of
X(1),...,X(t), which is also the optimal estimator for x*.

Proof. We may prove this claim by providing an algorithm to reconstruct
pu(t) = mean(X(1),...,X(t)) from Y(t),C, and t. Invoke Lemma [3[to com-
pute the signed projection distance between p(t) and each decision plane
(ci,b;). Let k = [ky, ..., k)" where each k; corresponds to decision bound-
ary c;. Then the mean p(t) must satisfy

Cu(t)=k+b (8)
Thus, for full rank C, we will have a uniquely determined p(t) value. O]

Theorem 2 (General Representation Theorem). Any system that optimally
estimates Y based on noisy measurements {X(1),...,X(t)} must implicitly
encode a representation of optimal estimator u(t) = mean(X(1),...,X(t))
in its latent state Z(t) if decision boundary matriz C is full rank.

Proof. This follows from the data processing inequality. We begin with the
following Markov chain:

x* = {X(1),...,X()} = Z(t) = Y(t) = u(t) (9)

Put more simply, we have x* — Z(t) — pu(t). Applying the data processing
inequality, we obtain

I(x"Z(t) = I(x"; p(t)) (10)
where I(+;-) denotes the mutual information between two variables.
Since X (t) is the optimal estimator of x* given measurements {X (1), ..., X(t)},
I(x*;u(t)) = H(p(t)). Therefore I(x*;Z(t)) > H(u(t)), implying that Z(t)

must contain all the information of pu(t). O

3 Discussion

The primary result boils down to the observation that the confidence associ-
ated with each Y; in Y are measures of distance between an implied estimate

not available — so one trilaterates their position [?]. This more closely matches our
setting, where we just have distances information w.r.t. the decision boundaries and must
determine the position.



of x* (denoted X) and classification boundary i (denoted (c;,b)). Y speci-
fies the position of X = u via “coordinates” defined by decision boundaries

Ciyo o 3 CNpor

For sub-optimal estimators of Y, we may still obtain an understanding of the
implied estimate X using the same methods. In fact, the machinery of least-
squares estimation for Ax = b provides a readily accessible formula for & in
sub-optimal estimators of Y in the form of the Moore-Penrose pseudoinverse:

= (C'C)"'CT(k +b) (11)

Conveniently, if the estimation errors in sub-optimal Y have a mean of zero,
additional decision boundaries in C (e.g., beyond the minimum D linearly
independent boundaries) result in improved estimation of x* by the central
limit theorem, thus generalizing our results to sub-optimal estimators.

3.1 Non-Linear Decision Boundaries

The result in Theorem 1) may be generalized to non-linear decision boundaries
in two ways:

1. Local Linear Approximation: Assume that the world coordinate
space X has decision boundaries ¢; that are locally linear in the neigh-
bourhood of x*. If the space has a sufficient density of decision bound-
aries, we may apply the same trilateration theorem to the local
linear approximation of the decision boundaries.

2. Inserting a Non-Linear Observation Map: Assume there exists
an abstract world coordinate space X* with a non-linear map F : X* —
X such that the decision boundaries ¢; are linear in X*. If F is injective,
we may apply the same trilateration theorem to the linear decision
boundaries in X* to obtain the same result.

These are left as an exercise for the reader.

3.2 Relationship to the Manifold Hypothesis

Our theoretical results have important implications for the manifold hypoth-
esis, which posits that real-world high-dimensional data tend to lie on or



near low-dimensional manifolds embedded in the high-dimensional space [1,
2]. The key insight is that our proofs show an optimal multi-task classifier
must encode an estimate of the abstract coordinates of the true underlying
environment state in its latent representation.

Consider an abstract space X* and an injective observation map F : X* —
X, where the decision boundaries ¢; : X — 0,1 have a linear image when
translated into X* via F~!. Our results imply that an optimal classifier’s
latent state Z(t) must encode an estimate of the abstract coordinates z* €
X*, rather than the ambient coordinates x € X'. This is a crucial distinction,
as the abstract coordinates capture the intrinsic geometry of the data, which
is invariant under coordinate transformations of the ambient space.

F: X" =X, ¢;oF : X" —0,1is linear (12)

The injective observation map F aligns closely with the typical conception
of a data manifold. The abstract space X* can be seen as the intrinsic
coordinate system of the manifold, while F maps these coordinates to the
high-dimensional observation space X'. Our findings suggest an optimal clas-
sifier will implicitly learn to invert this mapping and recover the abstract
coordinates.

Moreover, for natural data where the manifold hypothesis holds, the learned
latent representation would plausibly capture the manifold structure, as this
is essential for disambiguating noisy observations and estimating the true
underlying state. The low-dimensional manifold structure is a key prior that
an optimal classifier can exploit to improve its performance.

In conclusion, our theoretical results provide a novel perspective on the
emergence of manifold-aligned representations in neural networks trained on
multi-task classification. We show that these representations arise as a nat-
ural consequence of optimal multi-task classification, with the latent space
encoding the abstract coordinates of the data manifold. This insight deep-
ens our understanding of why multi-task learning encourages the discovery of
geometrically meaningful representations and suggests a strong link between
optimal classification and manifold learning.
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